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ABSTRACT: The aim of this paper is to prove a common fixed point theorem using compatible mappings of

type (P) for six self maps in a metric space which extends and improves some results in the literature. We also
give an example to illustrate our result.
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I. INTRODUCTION AND PRELIMINARIES

In 1986, G. Jungck [1] introduced the concept of compatible maps as follows.
1.1. Compatible mappings [1]: Two self maps E and F of a metric space (X, d) are said to be compatible mappings

if liill d(EFx,,FEx,) =0, whenever {x,} isa sequence in X such that liﬁm Ex = liﬁm Fx, =t for some
te X

In 1993 Jungck et al defined weaker class of maps called weakly compatible mappings of type (A) as follows.
1.2. Compatible mappings of type (A)[8]: Two self maps E and F of a metric space (X, d) are said to be

compatible mappings of type (A) if ﬁig d(EFx,,FFx,) =0 and limd(FEx,,EEx,) =0 whenever {x,} is

n—oo

a sequence in X such that lim Exn =lim F. X, =1 forsome t€ X.

n—oo n—oo
In 1995, Pathak and Khan defined compatible mappings of type(B) as follows.
1.3. Compatible mappings of type (B) [13]: Two self maps E and F of a metric space (X,d) are said to be

compatible mappings of type (B) if limd(EFx,, FFx,) < %[lim d(EFx,,Et)+1limd(Et,EEx, )} and

n—eo

n—oo n—soo

1 . .
limd(FEx,,EEx,) < E[lim d(FEx,, Ft)+lim d(Ft, FFxn)} , Whenever {xn } is a sequence in X such that

lim Ex, =lim Fx, =1 for some t € X .

n—oo n—oo

In 1995, Pathak et al. introduced the concept of compatible mappings of type (P) as follows.
1.4. Compatible mappings of type (P) [14]: Two self maps E and F of a metric space (X,d) are said to be

compatible mappings of type (P) if limd(EEx,, FFx,) =0 whenever {x,} isa sequence in X such that
n—oo

limEx, =lim Fx, =t for some te€ X .

n—oo n—oo
1.5. Associated sequence[6]: Suppose E, F, G, H, I and J are six self maps of a metric space (X ,d) such that
E(X)c IJ(X)and F(X)c GH(X). Then for an arbitrary X, € X we have Ex,€ E(X). since

E(X)c 1J(X), there exists X € X such that Ex, = IJx,. for this point X, , there is a point X, € X

such that Fx; = GHx, and so on.



Raju and Nagaraju 205

Repeating this process to obtain a sequence {y,} in X such that

Yo, = Ex2n = IJX2n+1 and Yons1 = F‘x2n+l = GHX2n+2 for n=0 ‘we shall call this sequence {y,} an

“associated sequence of xO ” relative to the six self maps E,F,G,H,I and J.

II. LEMMA

LetE, F, G, H, T and J are six self maps of a metric space (X ,d) satisfying

E(X)clJ(X)and F(X)c GH(X) .0
Ly, Fy)[1 Hx, E.

d(Ex,Fy) < ad( Jy, Fy)ll + d(GHx, Ex)] + Bd(GHx, 1]y) 2.2)

[1+d(GHx, 1Jy)]
for all X,y in X where , 820, + f <1.
Further if X is complete, then for any X, € X and for any of its associated sequence

EXO ,F. X Ex2 ,F Kyyererennn Elel ,F. Xy pg1eeee converges to some point p in X
Proof: From the conditions (2.1) and (2.2) we have
d(Yy,5 Vo) = d(EX,,, FX,,,,)

d(lJ. , F. 1+d(GHx, ,E
<a ( ‘x2n+l ‘x2n+l)[ ( ‘x2n ‘x2n )] + ﬁd(Gszn , IJanH)
[1+d(GHx,,,1]y,,.,)]

d( no n+ )[1+d( n—12 n)]
. Vo> Yontt Yon-1>Yo +18d(y2n—l’y2n)
H+d(ys,15 ¥5,)]

= ad(y2n,y2n+l) + ﬁd(y2n—l » ¥,,) and so that

(l_a)d(yZn’yZIH—l) < IBd(yZn—l’yZn)

B
d(Yyns Yaner) S d-a) d(Yy,_1>¥2,) =hd(y,,.,,y,,), where h=£

That is d(y,, Yy,.1) < hd(¥y,_1» ¥3,) (2.3)

Similarly, we can prove that d(y2n+1, y2n+2) < hd(yzn , y2n+1) . (2.4)

Hence, from (2.3) and (2.4), we get
d(yn,yM)Shd(yn_l,yn)Shzd(yn_z,yn_l) S SH(yy, y) - (2.5

Now for any positive integer k, we have

A(Yy> Yrt) S A Vi) H A irs Vi) F oot d (Vs Vi)
SRy 3)+H (30 ) et B 7))

=(h"+h"" +....... +h" N (y,, )
=h'A+h+h +.cc. + YA (3,4, ;)

n

< d(y,,y,) =0 as n — oo,since h<l

1-h
So that d(yn, yn+k) — 0.
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Thus the sequence {y, } is a Cauchy sequence in X. Since X is a complete, it converges to some point p in X.
Remark: The converse of the above Lemma is not true. This can be seen from the following example.

Example: Let x=(0, 5] with the usual metric d (x, y) = |x - y| for all x, ye X. Define self mappings E, F, G,
H, Iand J of X by

x if 0<x<3

1 if 0<x<3
J(xX)=4x+3

3if 3<x<5

E(X)=F(X)={ i 3<x<s

x if 0<x<3
Ix)=G(x)=xif 0<x<5 , HMX)=92x+3

if 3<x<5

Then
x if 0<x<3 x if 0<x<3
IJ(x)= , GH(x)= .
(X)=1x+3 if 3<x<5 (%) 2x+3if3£x£5

E(x)=F(x)={L3}, J(x)=(0,4], IJ(x)=(0,4].

and
H(o= 0,9}, GH (x) = 0,9}
3 3
Clearly E(X)c IJ(X), F(X) < GH(X). Also the inequality (2.2) can easily be verified for appropriate values

1
of CZ,,B 2 O’ a+ ,3 <1. Moreover if we take X, =3+— for =1 then the associated sequence
n

Ex

0°
The following theorem was proved in [5].

Fx ,Ex,,Fx,,...Ex, ,Fx

2n+1

..... converges to 3€ X . Note that (X, d) is not complete.

Theorem: Let P, Q, S and T be self mappings from a complete metric space (X,d) into itself satisfying the

following conditions

S(X)c O(X)and T(X) < P(X) 2.8.1)

d(Qy,Ty)[1+d(Px, Sx)]
[1+d(Px,Qy)]

forall X,y in X wherea,f20,a+ [ <1.

one of P, Q, S and T is continuous (2.8.3)
and the pairs (S, P) and (T, Q) are compatible on X. (2.8.4)
Then P, Q, S and T have a unique common fixed point in X.

Now we extend and generalize the above Theorem to six self maps as follows.

III. MAIN RESULT

d(Sx,Ty) <« + Bd(Px,Qy) (2.8.2)

3.1 Theorem: If E, F, G, H, I and J are self maps of a metric space (X,d) satisfying the conditions

E(X)c IJ(X)and F(X)c GH (X)) (3.1.1)

d(1Jy,Fy)[1+d(GHx, Ex)
[1+d(GHx,1Jy)]

forall X,y in X wherea, 20,a+ f<]1.

1J=]1, GH=HG, HE=EH, FIJ=JF, (GH)E=E(GH) and (IJ)F=F(lJ) (3.1.3)
G, H, I and J are continuous and (3.14)
the pairs (E, GH) and (F, 1J) are compatible mappings of Type (P)

on X (3.1.5)

d(Ex,Fy)< a L Bd(GHx, 1]y) (3.12)
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Further if there is a point X, € X and its associated sequence {Y, } = {Ex,, Fx,, Ex,, Fx;.............. } relative to

six self maps E, F, G, H, I and J converges to some point pe X, then p is a unique common fixed point of E, F, G, H,
Iand J. (3.1.6)

Proof: From (3.1.6), we have Ex,, = p, lUx,, ., — p, Fx,, ., = p, and GHx,, , — p asn — .

3.1.7)
Since the pairs (E, GH) and (F, 1J) are compatible mappings of type (P),
we have lim(GH )(GH )x,, = lim EEx,, and lim(1J)(1J)x,, =lim FFx,,. (3.1.8)

Suppose GH is continuous. Then

(GH)(GH )x,,, (GH)Ex,, - GHp as n — oo (3.1.9)
Now from (3.1.8) and (3.1.9), we get EEx, — GHp as n — o (3.1.10)
Suppose 1J is continuous. Then

JHJ)x,,, (UJ)Fx,, — IJp as n — o (3.1.11)
Now from (3.1.8) and (3.1.11), we get FFx,, — IJpas n — o (3.1.12)

Putting X = Ex,,, y=Fx,,,, in(3.1.2) and letting 72 —> ©° and using
(3.1.9), (3.1.10), (3.1.11), (3.1.12), we get
d((1J)Fx,,,,,FFx, )[1+d(GH)Ex,,  EEx, )]

[1+d((GH)Ex,,,(IJ)Fx,,,,)]

+ Bd((GH)Ex,, ,(I])Fx,,.,)
d(LJp, Jp)[1+ d (GHp,GHp)]
[1+d(GHp,1Jp)]

(1- B)d(GHp,IJp) £ 0 which implies
d(GHp, IJp) < 0 since 1->0 and so that
GHp=Ilp (3.1.13)

Now putting X = EX,,, ¥ =X,,,, in(3.1.2) and letting 7 —> °° and using
(3.1.7), (3.1.9), (3.1.10), we get
d((l‘])x2n+l 4 Fx2n+1 )[1 + d ((GH)Ex2n 4 EExZn )]

[1+d((GH)Ex,, . (1])x,,, )]

+ Bd((GH )Ex,,,(1J)x,,.,)

o 2P, P +d(GHp.GHp )

[1+d(GHp, p)]
(1-B)d(GHp, p) <0 which implies
d(GHp, p) <0 since 1-4>0, o+ <1 and so that
GHp=p
Therefore GHp=Lp=p (3.1.14)
Putting X = p, Y =X,,,; in (3.1.2) and letting 77 — °° and using

(3.1.7), (3.1.14), we get
d(())x,,,,.Fx, J1+d(GH)p,Ep)]

[1+d((GH)p,(I])x,,,,)]
+Bd(GH)p,(1))x,,.,)

d(EEx, ,FFx, )<a

d(GHp,llp) < « + Bd(GHp,1Jp)

d(EEXZn ’Fx2n+l) fa

d(GHp. p) < L\ paGHp. p)

d(Ep,Fx,,)<a
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ad(p,p)[1+d(p,Ep)

]
+ bd(p,
rdp. ) Pd@ep)

d(Ep,p) <

d(Ep,p)=0
Therefore Ep=p. (3.1.15)

Putting X = X,,, Y = P in(3.1.2) and letting 77 — °° and using (3.1.7), (3.1.14), we get
d((1J)p,Fp)l1+d((GH)x,,, Ex,,)]
[1+d((GH)x,,,(1J)p)]
+pd((GH)x,,,(1J)p)
d(p.Fp)ll+d(p,p)]
irdippn PP
<ad(p,Fp)
(1-a)d(p,Fp) <0 which implies
d(p,Fp) <0 since 1-a>0 and so tha
Fp=p. (3.1.16)
Putting X = Hp, y=p in(3.1.2) and using (3.1.3), (3.1.14), (3.1.15), (3.1.16), we get
d((IJ)p,Fp)ll+d((GH)Hp,EHp)]
[1+d((GH)Hp,(1J)p)]

d(p,p)ll+d(Hp, Hp)]

d(Ex,,,Fp)< o

d(p,.Fp)<«a

d(EHp,Fp)<« + Bd((GH)Hp,(1J)p)

d(Hp,p)<a +fBd(Hp, p)
[1+d(Hp, p)]
< Bd(Hp, p)

(1- pB)d(Hp, p) £0 whichimplies
d(Hp, p) £0, sincel— £ >0 and so that
Hp=p.

p=p (3.1.17)
Now from (3.1.14) we have Gp=p. (3.1.18)

Putting X=p, y= Jp in (3.1.2) and using (3.1.3), (3.1.14), (3.1.15), (3.1.16), we get
d((LJ)Jp,FIp)[l1+d(GH)p, Ep)]
[1+d((GH)p,(1])Jp)]

d(Ep,Flp)< a

+pd((GH)p,(1J)Jp)

d(Jp,Pp)[1+d(p, p)
[1+d(p,Jp)]

< Bd(p,Jp)
(1-p)d(p,Jp) <0 whichimplies
d(p,Jp) L0, sincel—f >0 and so that

d(p.dp) < a Ly pap.ap)

Jp=p.
Again from (3.1.14) we have Ip=p.

A~
LW
——
DN —
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Therefore Ep = Fp = Gp = Hp = Ip = Jp =p, showing that p is a common fixed point of E, F, G, H, I and J. The
uniqueness of fixed point can be proved easily.

Remark: In the example (2.7), the self maps E, F, G, H, I and J satisfy all the conditions of the Theorem (3.1). It
may be noted that '3'is the unique common fixed point of E, F, G, H, I and J.
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